THE FINAL ROUND OF THE MATHEMATICS COMPETITION
OF SEVENTH GRADERS OF HELSINKI ON 21 APRIL, 2016

SOLUTIONS

1. Pascal’s triangle is defined by first writing 1, and then under it two ones, and each new row
is one number longer than the previous ones, it begins and ends with a one, and the numbers in
between are each obtained by adding together the two numbers above it:

How many times does the number 10 appear in Pascal’s triangle?

Solution. The beginning of Pascal’s triangle looks as follows:

From this onwards, everything except for the ones on the borders is greater than ten. Thus the
number 10 appears exactly four times.

2. What is the one hundreth decimal in the number 3 /77

Solution. By performing the division 3/7 we obtain
0,4285714.. ..

Since in this long division each decimal depends only on the previous one, we see that the decimals
repeat themselves in groups of six. In particular, after the decimal point every sixth decimal is 1.
Therefore the 96th decimal is 1, the 97th decimal is 4, the 98th decimal is 2, the 99th decimal is
8, and finally the 100th decimal is 5.

3. We know that
134+ 23433 4+4%3 + ... +10° = 3025,

and that
13 4+23 +3%+4% + ...+ 203 = 44100.

What is
124+33+53+73 4+ ... +19%7

Solution. The last sum can be written in terms of the two previous ones:

P43 455 +7+...+19°

=142 435+ 4%+ 4200 — (22443 +6%+...+20%)
=44100 -8 (1° +2° + 3% ...+ 10°)

= 44100 — 8 - 3025 = 44100 — 24200 = 19900.



4. Let us consider sequences formed from the symbols © and . We are allowed to perform three
sorts of operations on our sequences:

e We can always erase two consecutive © symbols;

e we can always replace the consecutive symbols QGO by the consecutive symbols $<; and

e we can always replace the consecutive symbols »<{> by the consecutive symbols Q.

Determine how these operations can be used to turn the sequence $OOO OO into the sequence .

Solution. We can operate as follows:

QOOOOOE > VOVVGVEOEV — VEHVOVGV — QUGOVHOVEQ
— OOV +— OOVVG0 — VOOV +— QOO0 — O

5. We know that when a positive integer is divided by five, the remainder is two. What are the
possible remainders, when the number in question is divided by seven?

Solution. The remainder when dividing by seven is always either 0, 1, 2, 3, 4, 5 or 6. We show
that each of these is possible: namely, for the numbers 7, 12, 17, 22, 27, 32 and 37, we have

7=1-7T4+0, 12=1-7T+5, 17=2-7T+3, 22=3.7T+1,
MW=3-7T+6, 32=4-7+4, and 37=5-7T+2.

6. There are 100 lines in the plane. Some of them may be parallel with one or more other lines,
but no three of them intersect at the same point. Is it possible that the lines have alltogether
exactly 2016 points of intersection?

Solution. Yes, it is possible: let us draw first 72 mutually parallel lines, and then 28 mutually
parallel lines, which are not parallel to the previous lines. In this way, we obtain 72 - 28 = 2016
points of intersection.



