Solutions NMC 2018

Solution to problem 1

It is clear that 2k lines do not suffice, as the two rays parallel to any fixed line
intersect a total of 2k — 1 lines, so one intersects at most k — 1. We shall show
that 2k + 1 lines are sufficient.

Let P be at the origin. Given an angle v, let s(v) denote the ray from P that
intersects the unit circle at the point (coswv,sinv). For each angle v; and each
€ > 0, by drawing two “almost parallel” lines on each side of P guarantee that
all rays from P that are not s(v) for some v; < v < v; + € intersect at least one
of these two lines. If we for example choose v; = 2ie and e sufficiently small, we
may see that [v;,v; + €], 4 € {1,...,k} are pairwise disjoint and 0 < v; < 7 — €.
We then have 2k lines with the property that each s(v), 0 < v < 7, intersects
at least & — 1 lines and each s(v), # < v < 27, intersects k lines. Now add the
line that is tangent to the unit circle at (0,1) and we have 2k 4 1 lines with the
required properties.

An alternative description is as follows. Pick any line that does not go
through P, and call it £. Then choose points @1, Qs, ..., Q2 on £ so that they
appear in this order. For each 1 < j < k, choose a point S; so that the triangle
Q2j—1Q2;S; contains P in its interior. Our remaining k lines are then going to
be @Q2;-15; and (Q2;S; with 1 < j < k. Note that for any ray s from P and
index j, the ray s intersects at least one of the lines QQ2;_15; and @2;S; unless
it intersects the segment QQ2;_1@Q)2;. Since these segments are pairwise disjoint,
this may happen at most once, in which case ¢ provides the k-th intersection.

Solution to problem 2

First we prove that p,1o < max(pn,pn + 1) + 2020 for all positive integers n.
Assume that p,,ppr1 > 2. Then p,, + ppy1 + 2018 is even, og and hence

+ 1009 < max(pn, pny1) + 2020.
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If p,, or pnp41 is 2, then

Pnt2 < Pn + Dnt1 + 2018 = max(pn, pry1) + 2020.

Choose m such that M = m - 2021! is greater than both p; and ps. Now
M+2,M +3,..., M + 2021 are 2020 consecutive integers and none of which
are primes. By induction it follows that all primes of the sequnce are less than
or equal to M + 1:

By construction p; and po are less than M +1. Assume that p1,pa, ..., Ppt1
all are less than or equal to M + 1 for some n > 1. Then

Prt2 < max(pn,pn + 1) + 2020 < M + 2021.

Since py42 is a prime, and none of the integers M +2, M +3,..., M 4 2021 are
primes, we conclude p,+2 < M + 1.
Hence the sequence only contains finitely many primes.



Solution to problem 3

Let the point A’ be such that ABA’C' is a parallelogram with AB || A’C' and
AC' || A’B. Denote « = ZBAC = ZCA’B.

Since CD = AB = CA’, we find that CDA’ is an isosceles triangle. As
ZDCA’ = 180° — a, we deduce that ZA'DC = ZCA'D = §, so that D lies on
the angle bisector ¢ of ZC A’B. Similarly FE lies on /.

Next notice that ZCBH = 90° — ZBCI = 90° — %ABCA =90° — %AA’BC,
so BH is the exterior angle bisector of ZA’BC. Similarly CH is the exterior
angle bisector of ZA'CB, so H is in fact the excenter of triangle A’ BC opposite
A’. Therefore we conclude that D, E, and H all lie on /.

Solution to problem 4

Introducing new variables X = z—y,Y = y—2z, we may write f as A;(X,Y, 2) X+
B1(X,Y,2)Y + ¢(z). To see this, note that this transformation is invertible,
i.e., we can express the original variables as polynomials of the new ones:
r=X+Y+zand y =Y + 2, and plugging in yields a polynomial in the
three variables X,Y,z. Then we group the terms in the new expression with
those having a factor X in the first group, among the remaining ones, those
containing a factor Y in the second, and the rest in the third group. This yields
the desired expression (note that we have some freedom as to where we want to
put terms with factor XY).



Alternatively, we may consider f as a polynomial in one variable, x, and
with y, z as parameters. Then performing a polynomial division with x — y, we
obtain f(z,y,z) = g(z,y, 2) - (x —y) +r(z,y, z). Note that r has to have degree
zero as a polynomial in z, so in fact r(x,y, z) = r(y, 2z). Now repeat this with r
as a polynomial in y with parameter z, divided by y — z. This yields the same
result as the above approach.

Thus f = As(z,y, 2)(z —y) + Ba(z,y, 2)(y — z) + ¢(2). Since f(w,w,w) =0,
we obtain c¢(w) = 0 for all w, that is ¢(z) = 0. Let C(x,y,2) = —%,A =
As+C,B=Bs+C. Then A+ B+C = Ay +B>+3C = AQ"’BQ—(AQ"’BQ) =0,
and

[=A-C)z-y)+(B-C)y—2)=Alx—y)+ By —2) +C(z —z).

The representation is never unique. To show this, it is by additivity enough to
show that the representation is not unique for the zero polynomial. Let

where A+ B+C=A-(z—y)+B-(y—2)+C-(z—x) =0, showing that 0
has two different representations (the other being the trivial one).



